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Chapter 1
Astrophysical constraints on strong modified gravity
Daniela Pe´rez and Gustavo E. Romero∗
Instituto Argentino de Radioastronomı´a,
(CCT - La Plata, CONICET - CICPBA),
C.C.5, 1894 Villa Elisa,
Buenos Aires, Argentina,
danielaperez@iar-conicet.gov.ar,
romero@iar-conicet.gov.ar
We offer a discussion on the strong field regime predictions of two fami-
lies of theories that deviate from General Relativity in different aspects:
f(R)-gravity and Scalar-Tensor-Vector Gravity (STVG). We discuss as-
trophysical effects in models based upon both matter and vacuum solu-
tions of such theories. In particular, we analize neutron star structure
and the constraints on the parameters of the theories introduced by
the latest observations. We also review black hole solutions and sev-
eral astrophysical consequences of them, including accretion disks and
jets. Finally, we report on the implications of the detection of various
gravitational wave events for these theories.
1. General Relativity in the strong field domain: problems
and challenges
General Relativity (GR) is a theory of space, time, and gravitation formu-
lated by Albert Einstein in 1915.1 In the theory spacetime is considered as
an entity endowed with physical properties. Its physical geometry is repre-
sented by a continuous and differential 4-dimensional pseudo-Riemannian
manifold M with a metric field gµν . The geometric properties of the man-
ifold are related to the different matter fields existing in spacetime by Ein-
∗Also at Facultad de Ciencias Astrono´micas y Geof´ısicas, UNLP,
Paseo del Bosque s/n, 1900 La Plata, Buenos Aires, Argentina.
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stein’s field equations:
Rµν − 1
2
Rgµν =
8piG
c4
Tµν , (1)
where Rµν is the Ricci tensor obtained from the contraction of the Rie-
mann curvature tensor, R is the Ricci (or curvature) scalar, and Tµν is
the energy-momentum of all material fields. This is a set of ten nonlin-
ear hyperbolic-elliptic partial differential equations in the coefficients of the
metric field. Solving the equations for some distribution of energy and mo-
mentum, one can determine the free motion of test particles through the
geodetic equation:
d2xλ
ds2
+ Γλµν
dxµ
ds
dxν
ds
= 0, (2)
where ds2 = gµνdx
µdxν is the spacetime interval and Γλµν is the affine
connection of the manifold:
Γλµν =
1
2
gλα(∂µgνα + ∂νgµα − ∂αgµν). (3)
In GR, then, the effects of gravitation are a consequence of the curvature
of spacetime. These effects exist in a non-local way, since curvature always
vanishes on sufficiently small scales.
GR works wonderfully in the weak field regime. It passes all tests per-
formed in the Solar system2 and provides an adequate description of most
astrophysical phenomena. The theory correctly predicts the value for the
perihelion advance of Mercury and the bending of light around the Sun.
Gravitational Redshift, another classic prediction of the theory, has been
successfully tested with different experiments. Shapiro delay was also con-
firmed with high confidence (a parameter g = 1.000021± 0.000023, against
a value of g = 1 for GR). Frame-dragging and the Geodetic effect have
also been confirmed. The strong equivalence principle has been tested to
h = 4.4×10−4, with h = 0 in GR. Gravitational lensing has also confirmed
GR to better than 1%. More radically, the prediction of the existence of
gravitational waves was spectacularly verified in 2015 with the detection of
the first black hole binary merger event, dubbed GW150914.3
Despite all these successes, GR is not free of problems. Singularities
naturally appear in the theory for a number of spacetime models of both
astrophysical4 and cosmological importance.5 In addition, black hole ther-
modynamics seems to suggest an incompatibility between GR and unitary
evolution of quantum systems.6 When applied to large scales, as those of
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galaxies and clusters of galaxies, GR requires the inclusion of mysterious
dark matter to explain rotation curves and galaxy velocities. And when
applied to the universe as a whole, a strange field of “dark energy” must be
assumed to account for the observed accelerated expansion. Also, space-
time is expected to have quantum properties at the Planck scale, but GR
is not renormalizable and therefore cannot be used to make meaningful
physical predictions on such scales.
Not surprisingly, many attempts have been made at producing new
spacetime theories that might overcome some of these problems. These
theories are generally called “modified gravity”. They should be almost
identical to GR on the scales of the Solar System, where Einstein’s theory
is in accord with the experiments with exquisite accuracy. They might
differ, however, in some not well-explored domains, such as large scales
and in the strong gravity regime. In this article we shall explore some of
the constraints imposed by current astrophysical observations upon some
of these theories.
2. Modified gravity: different approaches
If a particle moves in spacetime departing from the expected geodetic tra-
jectory, we face one out of three possibilities: 1) The trajectory actually
is not a geodetic one and there are non-gravitational fields acting on the
particle, 2) The trajectory is geodetic but there is matter not taken into
account into our energy-momentum tensor, or 3) The trajectory is geode-
tic but the law that relates spacetime properties with energy-momentum
is not correctly described by Eqs. (1). Situation 1) applies, for instance,
to a charged particle affected by a magnetic field. Situation 2 requires a
modification of the ontology accepted by our theory. This is the case when
we keep Einstein’s field equations untouched but we introduce dark matter
or dark fields to explain rotation galactic curves, gravitational lensing, or
the accelerated expansion of the universe. Option 3 is one of ontological
parsimony: in order to keep our ontology at a minimum we adopt a new
prescription for the way spacetime interacts with other fields. This latter
path demands modifications into the left side of Einstein’s field equations,
i.e. in the properties of spacetime. Such changes, of course, should be
subtle enough as to yield the same predictions obtained from the original
equations in those domains where the theory has passed stringent tests.
The new solutions, however, might differ substantially from those of GR in
the little known strong regime of high curvature or on cosmological scales.
January 6, 2020 1:15 ws-rv9x6 Book Title Romero-Perez page 4
4 D. Pe´rez and G. E. Romero
There are a number of ways to modify Eqs. (1) in order to achieve
such effects. Einstein himself championed these attempts since 1917 till his
death. His first modification consisted in introducing a cosmological term
linear in the metric. This changes Eqs. (1) into:
Rµν − 1
2
Rgµν + Λgµν =
8piG
c4
Tµν . (4)
Here, Λ is the so-called cosmological constant. The effect of the new term
is to allow for repulsive gravity over some scales. Einstein fine tuned Λ
to obtain a static (latter shown to be unstable) solution. Currently, such
a term with a constant of value Λ = 1.11 × 10−52 m−2 is used in the
standard cosmological model that includes cold dark matter (CDM), the
ΛCDM model. In such a model the accelerated expansion is accounted for
by the gravitational repulsion experienced by the cosmic fluid over some
critical size. The same result can be obtained replacing the cosmological
term on the left side of the equations by a positive vacuum energy density
on the right side. Such energy density is called “dark energy”. Notice that
these are two different approaches that yield the same result: in the first
case we modify the law of gravitation; in the second one, we add a dark
field with a peculiar equation of state of the form p = −ρ.
A general way of introducing changes in the geometric sector of Eqs. (1)
is to change the relativistic action. GR is obtained from the action:
S[g] =
∫
1
2κ
R
√−g d4x. (5)
This action can be generalized to
S[g] =
∫
1
2κ
f(R)
√−g d4x, (6)
where g is the determinant of the metric tensor and f(R) is some function
of the curvature (Ricci) scalar.
The generalized field equations are obtained by varying with respect to
the metric. The variation of the determinant is
δ
(√−g) = −1
2
√−g gµνδgµν .
The Ricci scalar is defined as
R = gµνRµν .
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Therefore, its variation with respect to the inverse metric gµν is given by
δR = Rµνδg
µν + gµνδRµν
= Rµνδg
µν + gµν(∇ρδΓρνµ −∇νδΓρρµ). (7)
Since δΓλµν is actually the difference of two connections, it should transform
as a tensor. Therefore, it can be written as
δΓλµν =
1
2
gλa
(∇µδgaν +∇νδgaµ −∇aδgµν) ,
and substituting in the equation above we get:
δR = Rµνδg
µν + gµνδgµν −∇µ∇νδgµν .
The variation in the action results in:
δS[g] =
1
2κ
∫ (
δf(R)
√−g + f(R) δ√−g) d4x
=
1
2κ
∫ (
F (R) δR
√−g − 1
2
√−g gµνδgµν f(R)
)
d4x
=
1
2κ
∫ √−g [F (R)(Rµνδgµν + gµνδgµν −∇µ∇νδgµν)− 1
2
gµν δg
µνf(R)
]
d4x,
where F (R) = ∂f(R)∂R . Integrating by parts on the second and third terms
we get
δS[g] =
1
2κ
∫ √−g δgµν [F (R)Rµν − 1
2
gµνf(R) +
(
gµν−∇µ∇ν
)
F (R)
]
d4x.
By demanding that the action remains invariant under variations of the
metric, i.e. δS[g] = 0, we find the field equations in generic f(R)-gravity:
F (R)Rµν − 1
2
f(R)gµν +
[
gµν−∇µ∇ν
]
F (R) = κTµν , (8)
where Tµν is the energy-momentum tensor defined as
Tµν = − 2√−g
δ(
√−g Lm)
δgµν
,
and Lm is the matter Lagrangian. If F (R) = 1, i.e. f(R) = R, we recover
Einstein’s theory.
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Equations (8) are a system of non-linear partial differential equations of
four order in the coefficients of the metric tensor field gµν . A full description
of f(R)-gravity can be found in the book by Capozziello and Faraoni.7 An
interesting feature is that the Ricci scalar R and the trace of the energy-
momentum tensor T = Tµν are related in a differential way. This implies
that for some prescriptions of f(R), the Ricci scalar can be different from
zero even if T = 0.
In the case of constant curvature R = R0, Eqs. (8) in the absence of
matter fields become:
Rµν = −Λgµν , (9)
where
Λ =
f(R0)
f ′(R0)− 1 . (10)
We have, then, that cosmological solutions with accelerated expansion can
be obtained in f(R)-gravity without adopting cosmological constant term
or dark fields.
In GR, the effects of gravity are understood as the result of the curvature
of spacetime. Such a curvature is described by the Riemann tensor, which
consists of second order derivatives of the tensor metric field. A different
approach to modified gravity consists in ascribing to spacetime not only
tensor fields, but also scalar and vector aspects. One of such attempts is
known as Scalar-Tensor-Vector-Gravity (STVG) and has been presented by
J. Moffat.8
In STVG theory, gravity is not only an interaction mediated by a tensor
field, but by scalar and vector fields. The action of the full gravitational
field is:
S = SGR + Sφ + SS + SM, (11)
where
SGR =
1
16piG
∫
d4x
√−gR, (12)
Sφ = −ω
∫
d4x
√−g
(
1
4
BµνBµν − 1
2
µ2φµφµ
)
, (13)
SS =
∫
d4x
√−g
[
1
G3
(
1
2
gµν∇µG∇νG+ V (G)
)
+
1
Gµ2
(
1
2
gµν∇µµ∇νµ+ V (µ)
)]
.
(14)
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Here, gµν denotes the spacetime metric, R is the Ricci scalar, ∇µ the co-
variant derivative, φµ denotes a Proca-type massive vector field, µ is the
mass and Bµν = ∂µφν − ∂νφµ. V (G) and V (µ) denote possible potentials
for the scalar fields G(x) and µ(x), respectively. We adopt units such that
c = 1. The term SM refers to possible matter fields.
Varying the action with respect to gµν and doing some simplifications,
the field equations result Gµν = 8piG
(
TMµν + T
φ
µν
)
, where Gµν denotes
the Einstein tensor, and TMµν , T
φ
µν are the matter and vector field energy-
momentum tensors, respectively. The enhanced gravitational coupling is
G = GN(1 +α), where GN denotes Newton’s gravitational constant, and α
a free parameter. Notice that STVG coincides with GR for α = 0.
Variation of the simplified action with respect to φµ yields:
∇νBµν = −
√
αGN
ω
Jµ, (15)
where Jµ denotes the four-current matter density, and the constant
√
αGN
is determined to adjust the phenomenology. This vector field is completely
absent in GR.
Certainly f(R) and STVG are not the only families of modified gravity
available. There are literally hundreds of alternative theories of gravitation,
including multidimensional theories, torsion theories, bi-metric theories,
theories of variable speed of light, and many, many more. An exhaustive
discussion of the strong regime of all of them largely exceeds what can be
contained in a single book, not to mention a single chapter. Hence, we opt
to choose two of them, that we deem represent two different and rather
natural generalizations of GR. For more references on other approaches the
reader can turn up to the mentioned book by Capozziello and Faraoni.7
How can we test the validity of theories such as STVG or f(R)-gravity?
The answer is through their strong field effects. In this regime the fields
behave differently from GR. Hence, studies of black holes, radiative effects
in their surroundings, neutron stars, and other astrophysical objects where
gravity is strong, are paramount to establish the validity of these theories
well beyond the regime for which they were devised and originally applied.
What remains of this chapter is devoted to discuss how the strong field
regime astrophysics of compact objects changes if these theories were cor-
rect. Then, using the best available observational data we can impose some
constraints of the validity domain of the theories.
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3. Neutron stars in modified gravity
3.1. Introduction
Neutron stars are among the most compact astrophysical objects in the
universe. They are very dense stellar remnants where gravitational forces
are balanced by neutron degeneracy pressure. Their masses are in the
range of 1.5 M to 2.2 M and radii typically of the order of 10 kilometers,
reaching a density in the inner core of approximately 8× 1017 kg m−3, i.e.,
1014 times the density of iron. The intense gravitational field of neutron
stars makes them ideal objects to test current theories of gravitation in the
strong field domain.
The prediction of the existence of neutron stars was independent of as-
tronomical observations. After the discovery of the neutron by Chadwick
in 1932, Baade and Zwicky9 were the first to suggest a new class of com-
pact stars in which a core of degenerate neutrons could support the object
against gravitational collapsea. In 1939, Oppenheimer and Volkoff10 and
Tolman11 produced the first neutron star model, assuming the star as an
ideal neutron gas. They showed the existence of an upper limit for the stel-
lar mass of 0.75M above which the star is not longer stable and collapses
into a black hole.
After Second World War, the progress in the field of observational as-
tronomy led to a series of discoveries that confirmed the theoretical pre-
dictions of previous decades. In 1967, a group of astronomers headed by
Anthony Hewish detected astronomical objects that emitted regular radio
pulses.12 In the same year, Shklovsky13 developed a detailed model to
explain the radiation produced from Sco X-1, the first X-ray binary ever
detected.14,15 In his model, Shklovsky correctly established that the radia-
tion was produced by the accretion of gas from a donor star onto a neutron
star. The first binary pulsar was discovered by Hulse and Taylor in 1974b.
Pulsars are rapidly spinning neutron stars whose strong magnetic field pro-
duces conical beams of electromagnetic radiation. If the axis of rotation
of the neutron star does not coincide with the magnetic axis, external ob-
servers see the beams whenever the magnetic axis points towards them as
the star rotates. The pulses have the same period of the neutron star.
aIn the same work, they developed a theory for supernova explosions and proposed that
these explosions could be the origin of cosmic rays.
bThe pulsar mass was measured very precisely and it was found to be 1.44 M. The
hypothesis of an ideal gas of neutrons for the interior of the star was ruled out, showing
that the interactions between the nucleons needed to be considered.16
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Given their clock-like regularity and their compact nature, pulsars offer
a natural laboratory for studying the gravitational field. The analysis of the
signals from pulsars in binaries provides information on the properties of
these systems. In particular, pulsar timing techniques have proven to be ex-
tremely useful for estimating relativistic deviations from Keplerian motions
in the case of binary pulsars with high velocities and strong gravitational
fields. The measurement of the five post-Keplerian (PK) parametersc made
possible very precise test of GR and alternative theories of gravity.
The recent detection of gravitational wave (GW) signals from a stellar-
mass binary system by the LIGO/VIRGO detectors,17 and the subsequent
observation of a short γ-ray burst associated with the event made possi-
ble new approaches for studying the properties of neutron stars. Using
the data from GW170817 and general relativistic magnetohydrodynamics
simulations (GRMHD), upper limits to the maximum gravitational mass,
M sphmax, of a non rotating, spherical neutron star were recently obtained.
18
Neutron stars (NSs) have been investigated in the framework of some
alternative theories of gravitation: for instance in Horndenski gravity,19
Einstein-Gauss-Bonnet-Dilaton theory,20,21 and Chern-Simons Gravity.22
In the following, we will focus on the main results for neutron star models
in f(R)-gravity and Scalar-Tensor-Vector Gravity, emphasizing both the
theoretical and observational predictions.
3.2. Neutron star models in f(R)-gravity
Compact objects have been largely studied in f(R)-theories. The first works
focused on the derivation and solution of the Tolman-Oppenheimer-Volkoff
(TOV) equations that describe a spherically symmetric mass distribution
in hydrostatic equilibrium. In order to solve the field equations, a perturba-
tive approach was adopted, considering the f(R) function as a perturbation
of a GR background (see, for instance, Refs.23–25). Arapog˘lu et al.24 and
Deliduman et al.25 used the perturbative approach and adopted a realis-
tic Equation of State (EoS) for the matter distribution in R-squared and
RµνR
µν gravities, respectively.
The mass-radius relation obtained by these authors for such f(R) mod-
els allowed for larger masses of NSs than those currently estimated for
the most massive known pulsars: 2.01 ± 0.04 M for J0348+043226 and
cThe five post-Keplerian (PK) parameters are: the rate of the periastron advance ω˙, the
orbital period decay P˙b, the so-called relativistic γ (the Einstein term corresponding to
time dilatation and gravitational redshift), and the Shapiro delay term r (range) and s
(shape).
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1.928 ± 0.017 M for J1614-2230.27 Orellana and coworkers28 have also
studied the R-squared case using a polytropic approximation for the EoS,
and also a more realistic one. The mass-radius relation obtained by these
authors is consistent with the works previously mentioned: for the highest
absolute values admitted for the free parameter of the theory, i.e., the α
parameter, f(R)-gravity models predict higher masses of NSs than GR for
every EoS.
An intriguing feature of the NSs models developed by Orellana et al.
is a mass profile that in some regions decreases with the radius. In GR
this effect could only be explained by means of a fluid of negative den-
sity. This is not the case in f(R)-gravity, where the coupling between the
spacetime geometry and the matter could naturally give rise to such effects.
This particular result, however, should be considered with caution as the
authors clearly state, since it could be the consequence of the analytical
representation of the EoS or the perturbative approach adopted.
Later, it was pointed out by Yazadjiev and coworkers29 that the use
of the perturbative method to investigate the strong field regime in f(R)-
theories may lead to unphysical resultsd. In order to obtain self-consistent
models of NSs, they suggested to solve the field equations simultaneously,
assuming appropriate boundary conditions. This approach was then ap-
plied by some authors.31–33
The internal structure of NSs was also explored using the Palatini for-
malism.34 In the Palatini formalism the metric and the connection are a
priori considered independent geometrical objectse. The advantage of this
formalism is that the field equations have derivatives of the metric up to
second order, as in GR. Though the apparent mathematical simplification
of the field equations, NSs models in this formalism present serious short-
comings as shown by Barause et al. in a series of two works.36,37 For a
polytropic equation of state, the authors demonstrated the appearance of
divergences in the curvature invariants near the surface of the star, indicat-
ing that the origin of the singularity is related to the intrinsic features of
Palatini f(R)-gravity.37 For a realistic EoS, and choosing the f(R) function
as f(R) = R+αR2, Barause and coworkers found that the radial profile of
dRecently, Bla´zquez-Salcedo et al.30 investigated the axial quasi-normal modes of the
neutron star model in R-squared gravity developed by Yazadjiev and coworkers.29
eIn f(R)-gravity with a chameleon mechanism, Liu et al.35 found constraints for a
general f(R) functions using observations of the pulsars PSR J0348+0432 and PSR
J1738+0333. This restriction, however, is weaker than the one derived from the solar
systems observations.
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the mass parameter develops bumps when rapid changes in the derivatives
of the EoS occur.
Motivated by the later result, Teppa Pannia et al.38 aimed to inves-
tigate whether the non-smoothness of the mass parameter was rooted to
the nature of f(R)-gravity in the Palatini formalism, or was an effect of the
particular EoS chosen.
The method used was to calculate the structure of a star in the Palatini
formalism in R-squared gravity for two EoS: first an EoS similar to the one
employed by Barause et al.;36 second, an EoS based on the connection of
multiple polytropes that allows to control the derivatives of the EoS using
a set of parameters. The results found were in accordance with those of
Barause et al.:36,37 for both EoS a) the maximum masses were lower than
in GR , b) the mass profile displays regions where dm/dρ < 0.
In conclusion, these investigations strongly suggest that the odd features
in NSs models in Palatini f(R)-gravity do not lay in the characteristics of
the EoS nor in the particular mathematical method employ to solve the
field equations, but are inherent to the nature of the theoryf .
3.3. Neutron stars in Scalar-Tensor-Vector Gravity
Contrary to f(R)-gravity, neutron star models in STVG have just started
to be explored. Currently, there is only one work in the scientific literature
on this issue by Lopez Armengol and Romero.46 These authors derived the
modified TOV equation assuming a static, spherically symmetric geometry
for the spacetime; the stellar matter content was modeled with a static,
spherically symmetric, perfect fluid, energy momentum tensor.
Four distinct neutron EoS were considered: POLY,47 SLy,48 FPS49 and
BSK21.50–52 The first EoS is mathematically simple and well-behaved. The
purpose of employing POLY to construct neutron star models was that if
any particular feature arises in the model, it would probably be an effect
of STVG. Conversely, SLy, FPS and BSK21 are realistic EoS.
When integrating numerically the equations, particular attention is
needed for the free parameter α of the theory. The parameter plays a
fundamental role since it mediates both the gravitational repulsion and
enhanced gravitational attraction, being its value dependent on the mass
source of the gravitational field. Moffatg determined for solar mass sources
fMore complex models of NSs in f(R)-gravity have been developed which include the
fluid anisotropy,39 rotation,40,41 magnetic fields,42–44 and different f(R)-functions and
formalisms.35,45
gThe restriction on α was imposed in order to find agreement of STVG predictions with
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an upper limit given by:8
α <<
1.5× 105 c2
GN
1
M
cm. (16)
Here, GN stands for Newton’s gravitational constant, and c denotes the
speed of light. Since neutron stars have few solar masses, the values of α
were chosen to satisfy inequality (16). It was also taken into account that
inside the star, αNS would depend on the mass of each r-shell. A linear ad
hoc prescription was defined to sample different values of α:
αNS = γ
1.5× 105 c2
GN
1
M
(
M(r)
M
)
cm, (17)
where M(r) is the mass of the neutron star up to the r-shell, and γ is a
normalized factor γ ∈ [0; 1).
One of the main findings of Lopez Armengol and Romero46 is that neu-
tron star models in STVG admit higher total masses than in GR. This
result deserves particular attention since recent determinations of neutron
star masses defy GR limits.26,27,53,54 The authors could also set a more
restrictive upper limit for the parameter α by imposing within their model,
neutron stars with realistic masses (in accordance with astronomical obser-
vations), and monotonically decreasing density profiles. The new restriction
for the α parameter for stellar mass sources is:
α < 10−2
1.5× 105 c2
GN
1
M
cm. (18)
There are many issues that remain to be explored in relation to neutron
stars in STVG; for instance, solutions that take into account the rotation of
the star, the scalar field contributions, stability analysis, and quasinormal
modes of spherically symmetric solutions. STVG, thus, seems to be a rich
field of research for us in the future.
4. Black holes in modified gravity
Black holes constitute the most extreme manifestation of gravity. These
objects are spacetime regions causally disconnected from the rest of the
universe by an event horizon. Black holes were first postulated theoreti-
cally,55 and half a century later their astrophysical manifestation started to
be detected.56–58 There is overwhelming astronomical evidence that sup-
ports their existence. The latest and most direct proof is the detection
the perihelion advance of Mercury.
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of gravitational waves produced by the merger of binary systems of black
holes.3,59–62
In the light of the recent discoveries, any viable alternative theory of
gravitation should admit black hole solutions. This is the case of f(R)-
gravity and STVG that now we will proceed to analyze.
4.1. Black holes in f(R)-gravity
There is an extensive literature on black hole solutions in f(R)-gravity;
during the course of a decade, almost every year new solutions have been
reported. This situation is in stark contrast with GR. Because of the
uniqueness theorem, we know that the only stable stationary asymptoti-
cally black hole solutions in GR are within the Kerr-Newman family.63–67
In f(R)-gravity, however, the Birkoff theorem does not hold,68,69 and is still
an open question whether “hairy black” hole solutions for a non constant
Ricci scalar exist in f(R)-gravity.70,71
Black holes geometries have been found in f(R)-gravity both in the met-
ric and Palatini formalismsh. As clearly stated by Sotiriou and Faraoni,68
all black holes solutions of GR (with a cosmological constant) will also be
solutions of f(R) in both formalisms (see also Refs.77,78). In the Palatini
formalism, they will comprise the complete set of black hole solutions of the
theory. In the metric formalism, the Birkoff theorem does not hold, thus,
other black hole solutions can in principle exist.
In f(R)-gravity, the Ricci scalar can depend both on space and time.
Given the extreme complexity of the field equations, a simplifying assump-
tion is to consider the Ricci scalar constant R = R0. Several black hole so-
lutions were determined under this hypothesis: static spherically symmetric
solutions,79,80 charged solutions81 (see also Ref.82) and the corresponding
generalization in Kerr-Newman spacetimes;83 static spherically symmetric
solutions coupled to linear and non-linear electromagnetic fields,84 and also
minimally coupled to a non-linear Yang-Mills field;85 higher dimensional
(d ≥ 4) charged black holes have also been explored.86
Without assuming R = R0, Perez Bergliaffa and Chifarelli de Oliveira
Nunes studied the necessary conditions for an f(R)-theory to have static
spherically symmetric black hole solutions.87 Following the “near horizon
test” introduced by the previous authors, Mazharimousavi and coworkers88
derived the necessary conditions for the existence of Reisnner-Nordstro¨m
black holes in f(R)-gravity.
hFor black hole solutions in Palatini formalism see, for instance, Refs.72–76
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A formalism for the generation of spherically symmetric metrics in d-
dimensions both in vacuum and in the presence of matter sources was given
by Amaribi et al.89 Gao and Shen90 also proposed a new method to find
exact solutions for static, spherically symmetric spacetimes in this theoryi.
In what follows, we will describe the main properties of the f(R)-Kerr
black hole with constant Ricci scalar since such spacetime has been em-
ployed to constrain the parameters of some class of f(R)-theories (see Sec-
tion 5).
The axisymmetric, stationary, and constant Ricci scalar geometry that
describes a black hole with mass, electric charge, and angular momentum
was found by Carter.96 This geometry was used to study f(R) black holes
by Cembranos and coworkers.83 The line element takes the formj (we have
set Q = 0):
ds2 =
ρ2
∆r
dr2 +
ρ2
∆θ
dθ2 +
∆θsin θ
2
ρ2
[
a
c dt
Ξ
−
(
r2 + a2
) dφ
Ξ
]2
− ∆r
ρ2
(
c dt
Ξ
− a sin θ2 dφ
Ξ
)
, (19)
where,
∆r =
(
r2 + a2
)(
1− R0
12
r2
)
− 2GMr
c2
, (20)
ρ2 = r2 + a2cos θ2, (21)
Ξ = 1 +
R0
12
a2. (22)
Here M and a denote the mass and angular momentum of the black hole,
respectively. If R0 → 0, Eq. (19) represents the spacetime metric in GR as
expectedk.
The relation between the Ricci scalar R0 and the f(R) function can be
derived from the field equations of the theory in the metric formalism:
Rµν
(
1 + f ′(R)
)−1
2
gµν
(
R+ f(R)
)
+
(∇µ∇ν − gµν) f ′(R)+16piG
c4
Tµν = 0,
(23)
iFurther black hole solutions were studied in f(R) with conformal anomaly;91 regular
f(R)-black holes solutions have also been explored (see for instance Ref.92). Stability
analysis for different class of f(R)-black hole solutions can be found in Ref.93–95
jThe line element for a f(R)-Schwarzschild black hole can be obtained by setting a = 0.
kCalza`, Rinaldi and Sebastiani97 studied spherically symmetric solutions in vacuum for
a special class of f(R) functions that satisfy: f(R0) = 0, and df(R0)/dR = 0. Some
of the metrics obtained represent spherically symmetric black holes. Under a specific
choice of the values of some parameters, the f(R)-Schwarzschild black hole solution here
presented is recovered.
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where Rµν is the Ricci Tensor,  ≡ ∇β∇β , f ′(R) = df(R)/dR, and Tµν is
the energy-momentum tensor. If we take the trace of the latter equation,
we obtain:
R
(
1 + f ′(R)
)− 2 (R+ f(R))− 3f ′(R) + 16piG
c4
T = 0. (24)
In the case of constant Ricci scalar R0 without matter sources, from Eq. (24)
we get the relation we were looking for:
R0 =
2 f(R0)
f ′(R0)− 1 . (25)
It also should be noticed that if R = R0 and Tµν = 0, Eqs. (23) can be
re-cast as:
Rµν = Λgµν , (26)
and,
Λ =
f(R0)
f ′(R0)− 1 . (27)
From relations (25) and (27) we see that f(R) with constant Ricci scalar
and no matter sources is formally equivalent to GR with a cosmological
constant. This equivalence, however, is not physical as some authors have
recently confused.70
The location of the event horizon as a function of the radial coordinate
is obtained by setting 1/grr = 0:
∆r =
(
r2 + a2
)(
1− R0
12
r2
)
− 2GMr
c2
. (28)
For a nearly maximally rotating black hole a = 0.99, such as Cygnus
X1,98 the existence (or absence) of horizons depends on the value of the
Ricci Scalarl R0. If R0 ∈ (0, 0.6], there are 3 event horizons: the inner and
outer horizons of the black hole and a cosmological horizon; for R0 > 0.6
there is a cosmological horizon that becomes smaller for larger values of
R0. If R0 ∈ (−0.13, 0) there are 2 event horizons. For R0 ≤ −0.13 naked
singularities occur.99 Black hole solutions, thus, occur for R0 ∈ (−0.13, 0.6].
lIn what follows, we express the values of Ricci scalar as a dimensionless quantity: R0 ≡
R0r2g , where rg = GM/c
2.
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4.2. Black holes in Scalar-Tensor-Vector Gravity
The only known black hole solutions in STVG were found by Moffat.100
These represent static, spherically symmetric and also stationary, axially
symmetric black holes, and were derived under the following assumptions:
• The mass mφ of the vector field φµ was neglected because its effects
manifest at kiloparsec scales from the sourcem.
• G is a constant that depends on the parameter α:8
G = GN (1 + α) , (29)
where GN denotes Newton’s gravitational constant, and α is a free
dimensionless parameter.
Given these hypothesis, and after solving the STVG field equations, the
line element of the spacetime metric of a black hole of mass M and angular
momentum J = aM in STVG theory is:100
ds2 = −c2
(
∆− a2 sin2 θ
) dt2
ρ2
+
ρ2
∆
dr2 + ρ2dθ2
+
2ac sin2 θ
ρ2
[
(r2 + a2)−∆
]
dtdφ
+
[
(r2 + a2)2 −∆a2 sin2 θ
] sin2 θ
ρ2
dφ2, (30)
∆ = r2 − 2GMr
c2
+ a2 +
αGNGM
2
c4
(31)
= r2 − 2GN (1 + α)Mr
c2
+ a2 +
α(1 + α)G2NM
2
c4
,
ρ2 = r2 + a2 cos2 θ. (32)
The metric above reduces to the Kerr metric in GR when α = 0. By setting
a = 0 in Eq. (30), we recover the metric of a Schwarzschild STVG black
hole.
The radius of the inner r− and outer r+ event horizons are determined
by the roots of ∆ = 0:
r± =
GN (1 + α)M
c2
1±
√
1− a
2c4
G2N (1 + α)M
2
− α
(1 + α)
 . (33)
If we set α = 0 in the latter expression, we obtain the formula for the inner
and outer horizons of a Kerr black hole in GR. Inspection of Eq. (33) also
mThe mass of the field φµ determined from galaxy rotation curves and galactic cluster
dynamics101–103 is mφ = 0.042 kpc
−1.
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reveals that for α > 0 the outer horizon of a Kerr black hole in STVG is
larger that the corresponding one in GR.
The radial coordinate of the ergosphere is determined by the roots of
gtt = 0:
rE =
GNM (1 + α)
c2
1±√1− a2 cos2 θ c4
GN
2 (1 + α)
2
M2
− α
1 + α
 . (34)
We see that the ergosphere grows in size as the parameter α increases.
Astrophysical black holes strongly interact with the surrounding media
giving rise to a wide variety of high energy phenomena; by studying the
particles and radiation that is produced in these sources, the properties of
the black hole spacetime can be inferred, and thus the underlying theory
of gravitation can be put to the test.
In the coming two sections we provide a brief account of the salient
features of accretion disks and relativistic jets around black holes in f(R)-
gravity and STVG.
5. Accretion disks
The process of matter with angular momentum falling into a black hole may
lead to the formation of an accretion disk. The matter rotating around the
black hole loses angular momentum because of the friction between adjacent
layers and spirals inwards; in the process the kinetic energy of the plasma
increases and the disk heats up emitting thermal energy.
The characterization of the nature of the turbulence in the disk, and
hence of the dissipation mechanisms constitutes the main problem for the
formulation of a consistent theory of accretion disks. Some simplifying
assumptions, however, can be made in order to construct realistic models
of disks. Next, we shall consider accretion disks in steady state where the
accretion rate is an external parameter, and the turbulence is characterized
by a single parameter “α” which was first introduced by Shakura104 and
Shakura and Sunyaev.105
Novikov, Page, and Thorne106,107 generalized the latter model to in-
clude the strong gravitational fields effects. They assumed the background
spacetime geometry to be stationary, axially symmetric, asymptotically
flat, reflection-symmetric with respect to the equatorial plane, and the self-
gravity of the disk was considered negligible. The central plane of the disk
is located at the equatorial plane of the spacetime geometry, and since the
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disk is assumed to be thinn the metric coefficients only depend on the radial
coordinate r.
From the relativistic equations for the conservation of mass, energy,
and angular momentum, Page and Thorne107 obtained three fundamental
equations for the time-averaged radial structure of the disko. In particular,
they provided an expression for the heat emitted by the accretion disk that
reads:
Q(r) =
M˙
4 pi
√−g
Ω,r(
E† − ΩL†)2
∫ r
risco
(
E† − ΩL†
)
L†,r dr. (35)
Here, M˙ stands for the mass accretion rate, g is the metric determinant,
and risco denotes the radius of the innermost stable circular orbit. The
expressions for the specific energy E†, specific angular momentum L†, and
angular velocity Ω of the particles that move on equatorial geodesic orbits
around the black hole are:
E†(r) ≡ −ut(r), (36)
L†(r) ≡ uφ(r), (37)
Ω(r) ≡ u
φ
ut
, (38)
where ut(r) and uφ(r) are the t and φ components of the four-velocity of
the particle, respectively. Formulas (36), (37), and (38) can also be written
in terms of the metric coefficients (see Harko et al.108 or Pe´rez et al.99 for
the corresponding expressions).
In order to compute the heat emitted by a thin accretion disk around
a black hole, we first have to study the circular orbits of massive particles
in such spacetime geometry. There are several papers devoted to the in-
vestigation of geodesics in both f(R)-gravity and STVG. In particular, the
analysis of stable circular orbits of massive particles in f(R)-Schwarzschild
and f(R)-Kerr black holesp was performed by Pe´rez and coworkers.99 The
existence and location of stable circular orbits depends on the value of the
n∆z = 2h << r, being z the height above the equatorial plane, and h is the thickness
of the disk at radius r.
oThe average is taken over a time interval ∆t during which it is assumed that the external
geometry of the hole is modified negligibly, but the accretion of matter for any radius r
is large compared with the typical mass enclosed in a ring of thickness r.
pSince f(R) with constant Ricci scalar and no matter sources is formally equivalent to GR
with a cosmological constant (see Section 4.1), the results of Pe´rez et al. are in accordance
with the the analysis of circular orbits in Schwarzschild-de Sitter, Schwarzschild-anti- de
Sitter done by Stuchl´ık and Slany´109 and Rezzolla et al.,110 and also in Kerr-de Sitter
and Kerr-anti-de Sitter performed by Stuchl´ık and Slany´,111 and Slany´ and coworkers.112
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Ricci scalar R0. For both Schwarzschild and Kerr black holes in f(R)-
gravity, if R0 > 0 there is a minimum (risco) and maximum (rosco) radius
for stable circular orbits; for r > rosco there are no stable circular orbits
in such spacetime. On the contrary, for R0 < 0 stable circular orbits begin
from a minimum radius and extend to the rest of the spacetime. In Table
1, we show the values of the Ricci scalar for which stable circular orbits are
possible (second column), and the corresponding risco and rosco (columns
3 and 4, respectively) for f(R)-Schwarzschild and f(R)-Kerr spacetimes
(a = 0.99). The formulas from which these results were obtained can be
found in99 and references therein.
Table 1.: Values of the innermost and outermost stable circular orbits for
f(R)-Schwarzschild and f(R)-Kerr spacetimes (a = 0.99). The second
column indicates the values of Ricci scalar R0 for which stable circular
orbits are possible.
Spacetime R0 risco rosco
f(R) R0 ∈ (0, 2.85× 10−3) risco ∈ (6, 7.5) rosco ∈ (7.5,+∞)
Schwarzschild R0 < 0 risco ∈ (3.75,+∞) −
f(R) R0 ∈ (0, 1.45× 10−1) risco ∈ (1.4545, 2) rosco ∈ (2,+∞)
Kerr R0 ∈ (−0.13, 0) risco ∈ (1, 1.4545) −
The existence and location of stable circular orbits in Schwarzschild
and Kerr black holes in STVG were studied in Ref.113 The range of values
adopted for the parameter α were chosen in order to model accretion disks
around stellar and supermassive black holes. For stellar mass sources, α <
0.1 was taken in accordance to the work of Lopez Armengol and Romero.46
In the case of supermassive black holes (107M ≤ M ≤ 109M), the
values of α were in the range α ∈ (0.03, 2.47). The lower limit for α was
set in agreement with Moffat et al.114 that predicted such a value for
globular clusters, while the upper limit for the parameter was calculated
by fitting rotation curves of dwarf galaxies (1.9× 109M ≤ 3.4× 1010M)
by Brownstein and coworkers.115
Pe´rez et al. showed that for both stellar and supermassive black holes
in Schwarzschild and Kerr STVG spacetimes, the innermost stable circular
orbit (ISCO) is always larger than for the corresponding spacetimes in GR;
this occurs for all the values of the parameter α considered by the authors.
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The major difference with respect to GR occurs for supermassive Kerr black
holes (a = 0.99): the ISCO increases up to 716 percent with respect to the
value of the ISCO in GR for α = 2.45.
Notice that formulas (36) and (37) were derived from the laws of con-
servation of rest mass, angular momentum, and energy. These expressions,
however, do not longer hold in STVG. A neutral test particle in STVG
spacetime is subjected to a gravitational Lorentz force whose vector poten-
tial in Boyer-Lindquist coordinates is:
φ =
−Qr
ρ2
(
dt− a sin θ2dφ
)
. (39)
Here, Q is the gravitational source charge of the vector field φµ. Expressions
(36) and (37) are now redefined as:
E˜ = −pt
m
+
q
m
φt, (40)
L˜ =
pφ
m
+
q
m
φφ, (41)
and the conservation laws for angular momentum and energy take the form:(
L˜− w
)
,r
+
q
m
φφ,r = f
(
L˜+
q
m
φφ
)
, (42)(
E˜ − Ωw
)
,r
+
q
m
φt,r = f
(
E˜ +
q
m
φt
)
, (43)
where
f = 4pieν+Φ+µF/M˙0, (44)
w = 2pieν+Φ+µWφ
r/M˙0. (45)
F denotes the emitted flux, Wφ
r the torque per unit circunference, eν+Φ+µ
is the square root of the metric determinant, and M˙0 the mass accretion
rate.
Once the heat Q emitted by the disk is computed, the temperature
profile can be obtained by means of the Stefan Boltzmann’s law:q
T (x) = z(x)
(
Q(x)
σ
)1/4
. (46)
z(x) gives the correction due to gravitational redshift, and σ denotes the
Stefan-Boltzmann constant. Under the black body hypothesis, the emis-
sivity per unit frequency Iν of each element of area of the disk is described
by the Planck function:
Iν(ν, x) =
2hν3
c2
[
e(hν/kT (x)) − 1
] . (47)
qIt is assumed that the disk is optically thick in the z-direction, so that every element
of area on its surface radiates as a black body.
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Finally, the total luminosity at frequency ν is:
Lν =
4pihG2M2ν3
c6
∫ xout
xisco
x dx[
e(hν/kT (x)) − 1
] . (48)
We show in Figures 1(a) and 1(b) the temperature and luminosity dis-
tributions for an accretion disk around a f(R)-Kerr black hole for negative
values of the Ricci scalar.99 Pe´rez and coworkers adopted for the values of
the relevant parameters, i.e., M mass, M˙ accretion rate, and a angular mo-
mentum of the black hole, the best estimates available for the galactic black
hole Cygnus-X1.98,116 For R0 < 0, the temperature and luminosity of the
disk is always higher than in GR. In particular, for R0 = −1.25× 10−1 the
peak of the emission rises a factor 2 with respect to GR. In order to fit this
f(R)-Kerr model with current observations of Cygnus X-1 in the soft state,
curvature values below 1.2×10−3 have to be rule out. Accretion disk mod-
els for positive values of the Ricci scalar in the range R0 ∈ (0, 6.67× 10−4]
present no relevant differences compared to accretion disks in GR.
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Fig. 1.: f(R)-Kerr black hole of angular momentum a = 0.99 for R0 < 0.
From Pe´rez et al.99 Reproduced by permission of the authors.
According to Pe´rez et al.,113 accretion disks around both Schwarzschild
and Kerr black holes in STVG are colder and underluminuous in compari-
son with thin relativistic accretion disks in GR. The greatest differences in
temperature and luminosity were found for accretion disks around super-
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massive Kerr-STVG black holes, as despicted in Figures 2(a) and 2(b). For
instance, if α = 2.45 the temperature decreases up to 12.30 percent, and
the peak of the luminosity is about 4 percent lower than in GR.
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(a) Top: Temperature as a function of the radial coor-
dinate. Bottom: Residual plot of the temperature as a
function of the radial coordinate.
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Fig. 2.: Supermassive Kerr-STVG black hole of spin a˜ = 0. From Pe´rez et
al.113 Reproduced by permission of the authors.
To sum up, we have seen that investigations of accretion processes
around black holes shed light on the behavior of gravity under extreme
conditions. In particular, by comparing the spectral energy distributions
predicted by modified theories of gravitation with current astronomical ob-
servations, more restrictive limits on the values of the free parameters of
these theories can be set. For f(R)-Schwarzschild and f(R)-Kerr black
holes, thin stable accretion disks are possible for R0 ∈ (−∞, 10−6] and
R0 ∈
[−1.2× 10−3, 6.67× 10−4], respectively. In the case of Schwarzschild
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and Kerr STVG black holes, accretion disks can exist for stellar sources if
0 < α < 0.1, while for supermassive sources 0.03 < α < 2.47.
It should be mentioned that other features of accretion flows in f(R)-
gravity were studied by some authors. Ahmed and coworkers117,118 an-
alyzed some aspects of the Michel-type accretion onto static spherically
symmetric black holes in f(R)-gravity. Effects of radial and angular pres-
sure gradients on thick accretion disks in f(R)-Schwarzschild geometry with
constant Ricci curvature were investigated by Alipour et al.119
Bhattacharjee and collaborators120 researched additional sources of vor-
ticity in accreted material by black holes, others than the classical baroclinic
instability. In particular, they analyzed how the spacetime geometry con-
tributes to the vorticity generation in accretion disk plasma, both in GR
and f(R)-gravity with constant Ricci scalar. They found, as expected, that
vorticity generation is more effective in Kerr than Schwarzschild spacetime,
and also stronger in f(R)-gravity. The efficiency of this mechanism in-
creases in the regions where strong gravity is dominant. Interestingly, the
formalism developed by Bhattacharjee et al.120 can be extended to multi-
fluid species, and might provide a novel mechanism for angular momentum
transport.
6. Effects on jets
The first observational evidence of the existence of astrophysical jets was
due to Herber Curtis of Lick Observatory. In 1918, he observed in M87, a
supergiant elliptical galaxy in the constellation Virgo, “a curious straight
ray ... apparently connected with the nucleus by a thin line of matter”.
Nowadays, we know that such a “straight ray” is a collimated flow of parti-
cles and electromagnetic fields ejected by the supermassive black hole that
lies at the core of the galaxy. The highly collimated relativistic jet extends
at least 1.5 kiloparsecs from the nucleus of M87 well into the intergalactic
medium.
Jets are observed in a plethora of astrophysical systems, from protostars
to active galactic nuclei. There seems to be some key ingredients necessary
for the formation of relativistic jets: accretion onto a spinning compact
object, and the presence of a large-scale magnetic field.
It is though that the launching region of relativistic jets in active galac-
tic nuclei is near the event horizon of the supermassive black hole, where
the strong gravity effects are important. Thus, it is reasonable to expect
that any deviations from GR should manifest on such scales. These ef-
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fects on relativistic jets were recently investigated by Lopez Armengol and
Romero121 in Scalar-Tensor-Vector Gravity. The aim of these authors was
to compare GR and STVG close to the gravitational source and study the
differences between the two theories on short scalesr.
The method used by the authors was to calculate the trajectories of
massive particles in Kerr-STVG spacetime. The black hole parameters
M mass, and a angular momentum were adopted from the observational
estimates for the supermassive black hole in M87 reported by Gebhardt et
al.,122 and Li et al.123
The results of Lopez Armengol and Romero can be divided in two main
parts. First, they studied the azimuthal orbits of massive particles set with
initial position r0 = 140GNM/c
2, θ0 = 0.18, φ0 = 0 and initial Lorentz fac-
tor γ = 2. The values of the parameters were taken from the observational
results by Mertens et al.124 Two different cases for the ejection angles were
taken into account: θAej = 0 and θ
B
ej = 0.3.
The value of the free parameter α of the theory is related to the param-
eter M0 by the formula:
α =
√
M0
M
, (49)
where M is the mass of the gravitational source. On the other hand, the
parameter κ that appears in the equation of motion for a test particle:(
d2xµ
dτ2
+ Γµαβ
dxα
dτ
dxβ
dτ
)
= κBµν
dxν
dτ
, (50)
is also linked with the parameter α according to the following expression
postulated by Moffat:100
κ =
√
αGN. (51)
The calculation of the orbits was made for two runs of the parameters.
In the first run, M0 was fixed
s (M0 = 10
11), and the parameter κ was
sample: κ1 = 10
2
√
αGN, κ2 = 10
3
√
αGN, κ3 = 10
4
√
αGN. Significant
deviations from GR were found: the angular velocity ωφ as a function of
the z coordinate is enhanced or diminished by the gravito-magnetic forces
depending on the initial ejection angle. Also, the augmented gravito-electric
rUp to the moment this chapter was written, no works on relativistic jets in f(R)-gravity
were found.
sLopez Armengol and Romero121 established an upper limit for the value of M0 using:
1) the observational estimates for the radius of M87∗ (supermassive black hole at the
center of the elliptical galaxy M87) of ≈ 8GNM/c2 by Broderick et al.,125 and 2) the
formula for the event horizons of a Kerr-STVG black hole (see Section 4.2, formula (33)).
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repulsion due to the growing values of κ increases the local Lorentz factor γ
of the particles with time. The later implies that in the strong field regime
of STVG, particles gravitationally accelerate.
The values of the local Lorentz factor γ, however, cannot be arbitrarily
large. The highest value of γ observationally estimated for M87 corresponds
to the spine of jet and is γ ≈ 10.124 Thus, the upper limit imposed to κ
is:121
κ ≤ 102
√
α GN. (52)
In the second run, Lopez Armengol and Romero took Moffat’s weak
field limit prescription κ =
√
αGN, and set θ
A
ej = 0. In this case, the
parameter M0 was modified: M0 = 10
10M, M0 = 1011M, and M0 =
1012M. Though the latter value violates the condition M0 ≤ 1011M
computed by121 taking into account observational constraints for M87∗, it
was included for consistency checks.
Contrary to the first run, the effects of the Lorentz-like forces on tra-
jectories became insignificant. This could be due to the small value of κ.
The increment in the value of α, through the parameter M0, led to a larger
decrement of the particle velocity in contrast to GR.
Finally, the authors compared observational results on the formation
zone of the jet in M87 with predictions of STVG. The values selected
to model the jet were r0 = 5RS, M0 = 10
10M, κ1 = 10
√
αGN,
κ2 = 10
2
√
αGN, κ3 = 10
3
√
αGN; a wide ejection angle was assumed
in accordance to the Blandford-Payne mechanism for jet launching.126,127
In Figure 3(a), the x-z trajectories for different values of κ are plotted.
The filled region corresponds to the jet according to the parametrization
by Mertens et al.124 Notably, the larger the values of κ, the higher is the
collimation of the jet.
The plot of the angular velocity ωφ as a function of z for different values
of κ is shown in Figure 3(b). At the base of the jet, the gravito-magnetic
force leads to a counter rotation in φ. Since the field lines rotates along
the trajectory, from certain value of z, the sign of the gravito-magnetic
force changes and ωφ starts to increase. The latter result is particularly
interesting in the light of the recent observations of the jet of M87124 in
which, for the first time, rotation has been directly measured. The jet
component closer to the launching region rotates clockwise while further
from M87, the jet rotates counterclockwise.124 The calculations of Lopez
Armengol and Romero for the scale where rotation changes sign and the
order of magnitude of the angular velocity ωφ are in agreement with the
estimations by Mertens and coworkers.124
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In conclusion, we have seen that STVG offers an alternative mechanism
for jet formation of purely gravitational origin that is compatible with cur-
rent observational data.
7. Gravitational waves
In this section we will focus on the implications for f(R)-gravity and Scalar-
Tensor-Vector Gravity of the recent detection of gravitational waves by the
the LIGO Scientific Collaboration and Virgo Collaboration.t
Capozziello and collaborators128 were the first to generalize some pre-
tThe reader interested in more theoretical aspect of gravitational waves in f(R)-gravity
is referred to.7,68
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Fig. 3.: The gravito-magnetic field in STVG severely changes the trajec-
tories of particles giving rise to effects that are absent in GR. Reprinted
by permission from Springer Customer Service Centre GmbH: Springer Na-
ture, Astrophysics and Space Science, Lopez Armengol, F.G. Romero, G.E.
Astrophys Space Sci (2017) 362: 214. https://doi.org/10.1007/s10509-017-
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vious results on gravitational waves in f(R)-gravity. They showed that
there are only three propagating degrees of freedom in such theory: the
massless plus and cross polarizations which are the same as in GR, and a
third massive scalar mode given by a mixed of longitudinal and transverse
polarizations (see also Liang et al.129).
The signal that a gravitational wave detector would identify if gravi-
tational waves had such additional polarization modes were computed by
Corda.130 He provided expressions for the frequency and angular depen-
dent response function of a gravitational wave interferometric detector in
the presence of a third massive mode (see Eq. 59 in the paper by Corda130).
The formulas given by Corda are of particular importance since they al-
low to discriminate between massless and massive modes in Scalar Tensor
Gravity and f(R)-gravity.
Current ground based gravitational wave interferometers do not have
the sensitivity to detect the directions in which the instrument is oscillat-
ing. For the transient waves already observed, a study of the gravitational
wave polarization cannot yet be done with the LIGO-Virgo network, since
at least five non-co-oriented arm antenas are required to break the degen-
eracies between the five distinguishable modes of a generic metric theory of
gravity.130,131 Nonetheless, studies of the polarization content of the signal
have already been conducted. This was the case for the gravitational wave
event GW170814 produced by the merger of two stellar mass black holes
observed with both the LIGO and Virgo detectors;62 the analysis of the
data strongly favor pure tensor polarization of gravitational waves, over
pure scalar or pure vector polarizations.
Theory independent polarizations measurements, however, can be done
with the current instruments if the detectors are exposed to sufficiently
long signals. This occurs for pulsars which are expected to emit contin-
uous gravitational waves. At the beginning of 2018, the LIGO Scientific
Collaboration and Virgo Collaboration131 presented the results of the first
directed search of nontensorial gravitational waves. The investigation fo-
cused on 200 known pulsars using data from aLIGO’s first observation run;
no assumption was made about the polarization modes of the gravitational
waves. The data showed no evidence for the emission of gravitational sig-
nals of tensorial or nontensorial polarization from any of the pulsars studied.
They also obtained upper limits for the strain of the scalar and vector modes
(1.5×10−26 at 95 percent credibility) that can in turn be used to constraint
alternative theories of gravity. Notice that an important assumption of the
work was that the gravitational wave emission frequency fGW was twice
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of the rotational frequency frot of the source, that is fGW = 2frot. This
hypothesis follows the most favored emission model in GR. Such condition
will be relaxed in future investigations.
The Advance LIGO-Virgo network has also carried on a search for a
generically-polarized stochastic background of gravitational waves132 using
data from Advanced LIGOs O1 observing run.u No evidence was found for
the presence of a background of gravitational waves, and of any polarization.
However, direct upper limits were established on the contributions of vector
and scalar modes to the stochastic background.
A key point recently clarified by Corda130 is that the constraints on the
graviton mass derived by the LIGO Scientific Collaboration and the Virgo
Collaboration60 are not on some extra polarization mode of the gravita-
tional waves but on the tensor modes. In fact, the upper limit on the
graviton mass is derived assuming that gravitons disperse in vacuum as
massive particles; the lack of dispersion in the gravitational waves sets a
lower limit on the Compton wavelength λg > 1.6 × 1013 km, or for the
graviton mass mg < 7.7.× 10−23 eV/c2.60
Some authors have used the constraint on the graviton mass mentioned
above to bound free parameters in different models of f(R)-gravity. For in-
stance, Vainio and Vilja134 constrained the parameter µ in the Hu-Sawicki
model135 (taking n ≈ 1), and also the parameter λ in Starobinsky model.136
A similar procedure was employed by Lee137 to obtain limits on the param-
eter M0 of a general constructed f(R)-model determined from cosmological
observations.138
On August 17th 2017, it was observed for the first time a neutron star
merger in gravitational waves17 (GW 170817). The electromagnetic coun-
terpart,139,140 GRB 170817A, was detected 1.7 s after GW170817. The
observed delay between both events was used to restrict the difference be-
tween the speed of gravitational waves and the speed of light:∣∣∣∣cGWc − 1
∣∣∣∣ < 5× 10−16, (53)
where cGW denotes the speed of the gravitational waves, and c stands for
the speed of light. This result was used by some authors to show that a
large class of alternative theories of gravitation are on the verge of being
completely discarded (see, for instance, Refs.141,142). Some theories, how-
uThe gravitational wave background is a random gravitational wave signal that is sup-
posed to be generated by distant compact binary mergers, core-collapse supernovae, and
rapidly-rotating neutron stars; a background of cosmological origin may also be present
(see for instance133).
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ever, have survived such stringent test. Nojiri and Odintsov143 explicitly
showed that in f(R)-gravity the propagating light speed c is identical to
the propagating speed cGW of the gravitational waves. There is some dif-
ference, however, in the gravitational wave propagation phase with respect
to the light one; the authors suggest future observations that could detect
the shift of the phase.
A novel generalized framework for testing the nature of gravity using
gravitational wave propagation has just been introduced by Nishizawa.144
The method employed was to analytically solve the gravitational wave prop-
agation equation in an effective field theory for dark energy and get a WKB
solution. The gravitational waveform obtained contains functions of time
that characterize modified amplitude damping, modified propagation speed,
non zero graviton mass, and also a source term for the gravitational waves.
The author also provided specific expressions of these general functions in
the context of various alternative theories of gravitation. In a second pa-
per, Arai and Nishizawa145 applied this generalized framework to test all
possible models of the Horndeski theory. Using the data from the simulta-
neous detection of GW170817 and GRB170817A, some models within the
theory were excluded while quintessence, nonlinear kinematic theory, and
f(R)-gravity were favored.
What was the fate of Scalar Tensor Vector Gravity after the six gravi-
tational wave detections by the LIGO-Virgo Collaboration?
As we already mentioned, the detection of gravitational waves produced
by the merger of a binary system of neutron stars, and the subsequent ob-
servation of a short Gamma-ray Burst (GRB170817A), provided invaluable
data to test GR and also alternative theories of gravitation.
A classical test of GR is the Shapiro time delay, or gravitational time
delay.146 GR predicts that the amount of time it takes an electromagnetic
signal to travel to a target and return is longer if a massive object is close in
its path. The time delay is caused by spacetime dilatation, which increases
the path length. In GR, the Shapiro time delay is the same for gravitational
waves and photons since both travel on null geodesics. This may not be the
case in other theories of gravity, in particular in those modified theories of
gravity which dispense of dark matter and reproduce the modified newto-
nian dynamics (for instance galaxy rotation curves) in the non-relativistic
limit, the so-called Dark Matter Emulators.147
Theories of gravity dubbed “Dark Matter Emulators” were defined ex-
plicitly as:147,148
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(1) Ordinary matter couples to the metric ˜gµν (g˜ denotes the disformally
transformed metric) that would be produced by GR with dark matter,
and
(2) Gravitational waves couple to the metric gµν produced by GR without
dark matter.
From the above definitions it follows that in Dark Matter Emulators,
photons suffer an additional Shapiro time delay due to the dark matter
needed if GR was correct. Boran and collaborators148 estimated that the
Shapiro time delay due to the gravitational potential of the total dark
matter distribution along the line of sight from NGC 4993 to the Earth is
of the order of 400 days. Since the electromagnetic detection of GW170817
was almost immediate while Dark Matter Emulators predict delays over a
year, Boran et al. concluded that these theories were rule out.
In the realm of Dark Matter Emulators, Boran et al. included Scalar-
Tensor-Vector Gravity, which we have extensively discussed in this chapter.
Green, Moffat and Toth149 have recently demonstrated that STVG do not
belong to such class of theories.
Green et al.149 explicitly showed that in STVG:
• Gravitational waves move at the speed of light as photons do.
STVG is constructed on these gravitational fields: the metric gµν (a
spin 2 massless graviton), a scalar field G = GN (1 + α) (a spin 0 mass-
less graviton), a vector field φµ (a spin 1 repulsive massive graviton),
and a spin 0 scalar field denoted µ that is the mass of the vector field
φµ. The mass of µ, represented by mφ was estimated from fits to
galaxy rotation curves and clusters without dark matter,101,102 and it
is mφ = 2.8×10−28 eV, which is of the order of the experimental bound
on the photon mass. Since the vector particle mass is extremely small,
the three gravitons that corresponds to gµν , G = GN (1 + α), and φµ
move at the speed of light.
• The Weak Equivalence Principle is satisfied.
The equation of motion of a massive test particle is STVG is:8
m
(
d2xµ
dτ2
+ Γµαβ
dxα
dτ
dxβ
dτ
)
= qgB
µ
ν
dxν
dτ
, (54)
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where uµ = dxµ/ds and qg = κm is the gravitational charge of the test
particle8 (see also Section 6). We can cancel the mass on both sides
of the equation above thus showing that all particles (bodies) move on
spacetime independently of their constitution.
We see, then, that STVG is still standing after the observations of
GW170817 and GW170817A. Shall it be the case in the future? We do
not know. What we do know is that further research is needed on the na-
ture of gravitational waves in STVG. To date, it has been only be derived
the linearized field equations and gravitational energy flux in the weak field
regime.150 In the case of binary pulsar well-separated the tensor radiated
power reduces to the corresponding result in GR150 in agreement with ob-
servations of binary pulsarsv.
The process of the merger of a system of binary black holes can be
described in three phases: the inspiral, merger, and ringdown. The final
stage, the ringdown, is when the resulting black hole horizon settles down
through damped oscillations which can in turn be characterized by the
Quasi-Normal Modes (QNMs).
In the first gravitational wave event detected,3 GW150914, it was pos-
sible to obtain the frequency and damping time of the QNMs. This data
was used to derive the mass M and spin a of the black hole.152 If in the
future additional QNMs are detected, i.e., first overtone, it may be possible
to distinguish deviations from GR. For instance, the frequency of QNMs
of Schwarzschild black holes in STVG is greater than in GR as the value
of the free parameter α of the theory increases153 (see also Wei et al.154
for some related results for Kerr black holes in STVG). In f(R)-gravity,
Bhattacharyya and Shankaranarayanan155 showed that vector and scalar
perturbations in f(R) black hole spacetimes do not emit the same amount
of gravitational wave energy. Indeed, one of the most relevant differences
between GR and f(R)-gravity is the existence, in the latter, of dipole and
monopole radiation. This is a consequence of the additional degree of free-
dom of the theory represented by the scalar fieldw.
vMoffat obtained in STVG constraints of some parameters related to the spins of spi-
ralling binary black holes. He also showed that STVG predicts a misaligning of the black
holes that are in coalesce.151
wThe computation of the gravitation radiation has been done for different choices of the
f(R) function; see for instance.80,87,156
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8. Singularities and beyond
Singularities appear under several circumstances in GR. Gravitational col-
lapse, in quite general conditions, results in singularities.4 Cosmologi-
cal models of the expanding universe are also singular for normal matter
contents and GR.5 All these singularities are pathological features, since
they imply a breakdown of the corresponding models and their predictive
power.157 Singularities are not entities of any kind, but a sign of the incom-
pleteness of the underlying theory. They are not expected to show up in
a consistent theory of quantum gravity. But also classical theories can be
free of singularities if they assume a more complex structure for spacetime.
Non-singular black holes have been discussed in the framework of f(R)-
theories by Olmo and Rubiera-Garcia.158,159 They have found that in
quadratic gravity and for anisotropic fluids a region with non-trivial topol-
ogy (a so-called wormhole) replaces the singularity. The resulting spacetime
is geodesically complete although curvature divergencies exists in the worm-
hole throat. With more generality Bejarano et al.160 have investigated the
relation between energy density, curvature invariants, and geodesic com-
pleteness in such spacetimes. They have explored how the anisotropic fluid
helps to modify the innermost geometry of the black hole. A variety of
configurations with and without wormholes have been found, as well as
solutions with de Sitter interiors, solutions that mimic non-linear mod-
els of electrodynamics coupled to GR, and configurations with up to four
horizons. The fact that several of these models show divergences in the
curvature scalar but nevertheless remain geodesically complete shows that
simplistic analyses based only on the behaviour of curvature invariants can
be misleading. A remarkable feature is that the anisotropic fluid has a
stress-energy tensor satisfying the energy conditions, which are usually vi-
olated to generate regular black holes in GR (see, for instance, the work of
Pe´rez et al.161).
Regular black holes can be also obtained in STVG gravity. Moffat
has discussed both static and rotating solutions.100,162 In the case of the
Scharzschild-like black hole the solution reads:
ds2 =
(
1− 2GMr
2
(r2 + αGNGM2)3/2
+
αGNGM
2r2
(r2 + αGNGM2)2
)
dt2
−
(
1− 2GMr
2
(r2 + αGNGM2)3/2
+
αGNGM
2r2
(r2 + αGNGM2)2
)−1
dr2
− r2dΩ2. (55)
This metric is regular at r = 0 and asymptotically flat as r →∞. For large
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r it reproduces the Schwarzschild metric. For small r the metric behaves
as
ds2 = (1− 1
3
Λr2)dt2 − (1− 1
3
Λr2)−1dr2 − r2dΩ2, (56)
where the effective cosmological constant Λ is given by
Λ =
3
G2NM
2
(
α1/2 − 2
α3/2(1 + α)
)
. (57)
So the interior material of the regular STVG black hole satisfies the vacuum
equation of state p = −ρ, where p and ρ = ρvac are the pressure and the
vacuum density, respectively. The effective cosmological constant Λ can be
positive or negative depending on the magnitude of α, so that the interior of
the black hole is described by either a de Sitter or anti-de Sitter spacetime.
Shadows of these black holes are expected to be different from GR black
holes of the same mass. Hence, Event Horizon Telescope observations can
be used to test the theory.100
Another interesting feature of STVG is that it allows for wormhole so-
lutions that do not require exotic matter. If wormholes exist in nature
they might be found by gravitational lensing, as pointed out by Safonova
et al.163 Wormhole lensing events and wormhole shadows are expected to
differ in STVG with respect to GR.
One interesting feature of f(R)-gravity when applied to the whole uni-
verse is that early time cosmology can be adjusted in such a way as to
guarantee the existence of homogeneous and isotropic models that avoid
the Big Bang singularity. In such models the Big Bang singularity can be
replaced by a cosmic bounce without violating any energy condition. The
bounce is possible even for pressureless dust.164–166 Such models can be
tested through measurements of the modes B of the CMB polarization by
instruments as the forthcoming QUBIC.167 Specifically, it has been shown
that there are distinctive (oscillatory) signals on the primordial gravita-
tional wave spectrum for very low frequencies in f(R)-gravity; such signals
correspond to modes that are currently entering the horizon.168
Detailed studies regarding the potential role of STVG in producing cos-
mological bounces are still missing, likely because of the complexity of the
theory. Recently, Jamali et al.169 have shown that extra fields in STVG
cannot provide a late time accelerated expansion. Furthermore, they have
solved the non-linear field equations numerically and calculated the angu-
lar size of the sound horizon which results outside the current observational
bounds. However, further research is necessary since the models analyzed
so far are rather simple, without self-interactions.
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Just as in the last century the universe was investigated through the
whole electromagnetic spectrum, the 21st century is the starting of a new
time in which gravitational waves will be detected over a wide range of
frequencies. A new generation of gravitational waves detectors in space
and underground, eLISA, KAGRA, and the Einstein Telescope are planned
to start working in the next decades. Pulsar timing monitoring will also
make possible the investigation of the exceedingly long wavelength pertur-
bations in spacetime curvature caused by the merging of supermassive black
holes.170,171 Alternative theories of gravity, and GR itself, will be put to
the test to a level of detail that is impossible today. Novel aspects of the
nature of gravity might be unveiled that perhaps none of the actual theories
predict or foresee.
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